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Abstract 

In this paper, we establish the existence of a stochastic flow of Sobolev diffeomorphisms 

R d 3 x i — ► <p S)t {x) e R d , s, t € R, 

for a stochastic differential equation (SDE) of the form 

dX t = b(t, X t ) dt + dB t , s,teR, X s = x G R d . 

The above SDE is driven by a bounded measurable drift coefficient b : R x R d — > R d and a 
(i-dimensional Brownian motion B. More specifically, we show that the stochastic flow 4> s t(') 



IV 



of the SDE lives in the space L 2 (Q; W 1 ' p (R d , w)) for all s, t and all p > 1, where W 1 ' p (R d , 
denotes a weighted Sobolev space with weight w possessing a p-th moment with respect to 
Lebesgue measure on R d . The spatial regularity of the stochastic flow yields existence and 
uniqueness of a Sobolev differentiable weak solution of the (Stratonovich) stochastic transport 
equation 

d t u(t, x)+ (b(t, x) ■ Du(t, x))dt + Y^=l e * " Du (^ x ) dB i = °> 



u(0,x)= u (x), 

where b is bounded and measurable, uq is C 1 and {ei}f =1 a basis for R d . It is well-known 
that the deterministic counter part of the above equation does not in general have a solution. 
Using stochastic perturbations and our analysis of the above SDE, we obtain a new existence 
theorem of a deterministic Sobolev-differentiable flow of diffeomorphisms for classical one- 
dimensional (deterministic) ODE's driven by discontinuous vector fields. 
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1 Introduction 



In this article we analyze the spatial regularity in the initial condition x G R d for strong 
solutions X x to the d-dimensional stochastic differential equation (SDE) 

Xt' x = x+f b(u, X s a ' x )du + B t - B 8 , s,teR. (1) 

is 

In the above SDE, the drift coefficient b : RxR d — >R d is only Borel measurable and bounded, 
and the equation is driven by standard Brownian motion B in R d . 

More specifically, we construct a two-parameter pathwise locally Holder continuous stochas- 
tic flow 

R x R x R d 3 (s,t,x) i — ► S)t (s) G R d 
for the SDE ((T]) such that each flow map 

R d B x i — ► <f>s )t (x) G M d 

is a Sobolev diffeomorphism in the sense that 

s>t (-) and ^(O G L 2 (f2, W 1,p (R d ; «;)) (2) 

for all s,t G R, all p > 1. In © above, W rl,p (R d , id) denotes a weighted Sobolev space of 
mappings R d — > R d with any measurable weight function w : R d — > [0, oo) satisfying the 
integrability requirement 

/(l + |x|> W(ic <oc. (3) 

J~R d 

In particular, (j) st (-) is locally a— Holder continuous for all a < 1. When the SDE ([T|) is 
autonomous, we show further that the stochastic flow corresponds to a Sobolev differentiable 
perfect cocycle on R d . For precise statements of the above results, see Theorem [3] and 
Corollary [5] in the next section. 

Our method of construction of the stochastic flow for the SDE (1) is based on Malliavin 
calculus ideas coupled with new probabilistic estimates on the spatial weak derivatives of 
solutions of the SDE. A unique (pleasantly surprising) feature of these estimates is that they 
do not depend on the spatial regularity of the drift coefficient b. Needless to say, the existence 
of differentiable flows for SDE's with measurable drifts is counter-intuitive: The dominant 
'culture' in stochastic (and deterministic) dynamical systems is that the flow 'inherits' its 
spatial regularity from the driving vector fields (cf . p2] , |24 ] ) . 

The existence of a Sobolev differentiable stochastic flow for the SDE (1) is exploited 
(Section 3) to obtain a unique weak solution u(t, x) of the (Stratonovich) stochastic transport 
equation 



dtu(t,x)+ (b(t,x)-Du(t,x))dt + Y^=iei-Du(t,x)odBi = 
u(0,x)= u (x), 

when b is just bounded and measurable, uq G C^(R d ), and {ei}f =1 a basis for R d . This result 
is rather surprising since the corresponding deterministic transport equation is in general not 
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well-posed. We also note that our result is stronger than that in [TT] in the sense that we do 
not assume the existence of the divergence of b; and furthermore, our solutions are spatially 
(and also Malliavin) Sobolev differentiable (cf. 

In Section 4, we apply the techniques of Section 2 to show the existence of a family of 
solutions Xf of the one-dimensional ODE 

dX t = b(X t ) dt, tel, X = x G M, (5) 

which are locally of class W ' 2 in x (Theorem 128^ Section 4). This result is obtained under 
the requirement that the coefficient b is monotone decreasing and is either bounded above or 
below. The proof of this result uses a stochastic perturbation argument via small Brownian 
noise coupled with local time techniques. As far as we know, it appears that the above result 
is new. Furthermore, solutions to the ODE ([5]) generate a one-parameter group of absolutely 
continuous homeomorphisms of M onto itself. It is rather remarkable that the existence of an 
absolutely continuous flow of homeomorphisms is feasible despite the inherent discontinuities 
in the driving vector field of the ODE ([5]). 

SDE's with discontinuous coefficients and driven by Brownian motion (or more general 
noise) have been an important area of study in stochastic analysis and other related branches 
of mathematics. Important applications of this class of SDE's pertain to the modeling of the 
dynamics of interacting particles in statistical mechanics and the description of a variety of 
other random phenomena in areas such as biology or engineering. See e.g. [29] or [19] and 
the references therein. 

Using estimates of solutions of parabolic PDE's and the Yamada-Watanabe principle, the 
existence of a global unique strong solution to the SDE ([1]) was first established by A.K. 
Zvonkin [37] in the 1— dimensional case, when b is bounded and measurable. The latter work 
can be considered a significant development in the theory of SDE's. Subsequently, the result 
was generalized by A.Y. Veretennikov [35J to the multi-dimensional case. More recently, N.V. 
Krylov and M. Rockner employed local integrability criteria on the drift coefficient b to obtain 
unique strong solutions of ([1]) by using an argument of N. I. Portenko [29]. An alternative 
approach, which doesn't rely on a pathwise uniqueness argument and which even yields the 
Malliavin differentiability of solutions to (pQ) was recently developed in [23], [22] . We also refer 
to the recent article [4] for an extension of the previous results to a Hilbert space setting. 
In [3] , the authors employ techniques based on solutions of infinite-dimensional Kolmogorov 
equations. 

Another important issue in the study of SDE's with (bounded) measurable coefficients is 
the regularity of their solutions with respect to the initial data and the existence of stochastic 
flows. See [18], [M] for more information on the regularity of stochastic flows for SDE's, and 
[25j . [26j in the case of stochastic differential systems with memory. Using the method of 
stochastic characteristics, stochastic flows may be exploited to prove uniqueness of solutions 
of stochastic transport equations under weak regularity hypotheses on the drift coefficient b. 
See for example [TT], where the authors use estimates of solutions of backward Kolmogorov 
equations to show the existence of a stochastic flow of diffeomorphisms with a'-Holder con- 
tinuous derivatives for a 1 < a, where b G C([0, 1]; Cg(R d )), and C£(R d ) is the space of 
bounded a— Holder continuous functions. Surprisingly, a similar result also holds true, when 
b G L q (0, l;L p (R d )) for p,q such that p > 2, q > 2, j + | < 1. See [9]. Here the authors 
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construct, for any a G (0,1), a stochastic flow of a-H61der continuous homeomorphisms for 
the SDE ([1]). Furthermore, it is shown in [9] that the map 

I 3i i — > X x G L p ([0, 1] x fi;R d ) 

is differentiable in the L p (fi) — sense for every p > 2. 

The approach used in [9] is based on a Zvonkin-type transformation [37] and estimates 
of solutions of an associated backward parabolic PDE. We also mention the recent related 
works [8], [7] and pQ. For an overview of this topic the reader may also consult the book 
[12jH In this connection, it should be noted that our method for constructing a stochastic 
flow for the SDE ([1]) is heavily dependent on Malliavin calculus ideas together with some 
difficult probabilistic estimates (cf. [22j). 

Our paper is organized as follows: In Section, 2 we introduce basic definitions and nota- 
tions and provide some auxiliary results that are needed to prove the existence of a Sobolev 
differentiable stochastic flow for the SDE ([1]). See Theorem [3] and Corollary [5] in Section 2. 
We also briefly discuss a specific extension of this result to SDE's with multiplicative noise. 
In Section 3 we give an application of our approach to the construction of a unique Sobolev 
differentiable solution to the (Stratonovich) stochastic transport equation (4). Ideas devel- 
oped in Section 2 are used in Section 4 to show the existence and regularity of a deterministic 
flow for the one-dimensional ODE ([5]). 



2 Existence of a Sobolev Differentiable Stochastic Flow 



Throughout this paper we denote by Bt = (B\ ,...,B\ ), t G R, d— dimensional Brownian 
motion on the complete Wiener space (fi,J-", /x) where fi := C(R;R d ) is given the compact 
open topology and T is its /x-completed Borel <r-field with respect to Wiener measure \i. 

In order to describe the cocycle associated with the stochastic flow of our SDE, we define 
the fi- preserving (ergodic) Wiener shift 9(t, ■) : fi — > fi by 

6(t,u)(s) := uj(t + s) - oj(t), oj G fi, t,s£R. 

The Brownian motion is then a perfect helix with respect to 9: That is 

B(h + t 2 ,u) - Bfau) = 5(t 2 ,0(ti,w)) 

for all ti,t% 6R and all u G fi. The above helix property is a convenient pathwise expression 
of the fact that Brownian motion B has stationary ergodic increments. 

Our main focus of study in this section is the d-dimensional SDE 

X s t ' x = x + I b{u, X s ^ x )du + B t -B s , s,teR,xe R d , (6) 

J s 

where the drift coefficient b : R x R d — > R rf is a bounded Borel measurable function. 

5 After completing the preparation of this article, personal communication with F. Flandoli indicated work 
in preparation with E. Fedrizzi [10] on similar issues regarding the regularity of stochastic flows for SDE's, 
using a different approach. 
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It is known that the above SDE has a unique strong global solution X s ' x for each x G R d 
( [35] or [22], [23]). 

Here, we will establish the existence of a Sobolev- difj 'erentiable stochastic flow of homeo- 
morphisms for the SDE ©. 

Definition 1 A map R x R x R d 3 (s, i, i — ► <p st (x,uj) G R rf is a stochastic flow of 
homeomorphisms for the SDE (0|) if there exists a universal set £1* G J 7 o/ /uZZ Wiener 
measure such that for all ui £ Q* , the following statements are true: 

(i) For any x G R rf ; i/ie process <j) s t (x,u), s,t G R, is a strong global solution to the SDE ^6$). 

(ii) (j) st {x,uj) is continuous in (s,t,x) G R x R x R d . 

(™j <t> S) t(;u) = ^«,t(-) w ) ° w ) /° r a ^ s,u,t G R. 

(raj </> s s (x, w) = x for all x G R d and s G R. 

(v,) <j) st (-,(jj) : M. d — > M. d are homeomorphisms for all s,t G R. 

A stochastic flow 4> st (-,oj) of homeomorphisms is said to be Sobolev-diff erentiable if for 
all s,i G R, the maps </> s t( - ,<^) and S \ (■) w) are Sobolev-differentiable in the sense described 
below. 

From now on we use |-| to denote the norm of a vector in R rf or a matrix in R dxrf . 

In order to prove the existence of a Sobolev differentiable flow for the SDE ([6]), we need to 
introduce a suitable class of weighted Sobolev spaces. Fix p G (1, oo) and let w : R rf — > (0, oo) 
be a Borel measurable function satisfying 

/ (1 + \x\ p )w(x)dx < oo. (7) 

J«. d 

Let L p (R d , to) denote the space of all Borel measurable functions u = (u\, u^) ■ R rf — > 
R d such that 

/ \u(x)\ p w(x)dx < co. (8) 

Furthermore, denote by W 1,p (M. d , w) the linear space of functions u G L p (M. d ,w) with 

weak partial derivatives DjU G L p (R d ,w) for j = l,...,d. We equip this space with the 
complete norm 

d 

ll n lll,p,u> := H u lliP (R d ,iy) + ll-^i n *HiP(K d ,iu) • (^) 

We will show that the strong solution X t s '' of the SDE (JBJ) is in L 2 (fi, L p (R d , io)) when 
p > 1 (see Corollary 1 13j) . In fact, the SDE ([6]) implies the following estimate: 

\xr\ p < c P (\ x f + it - sn&c + \ Bt - B .n 

On the other hand, it is easy to see that solutions X*'' are in general not in L p (R rf ,dx) 
with respect to Lebesgue measure dx on R rf : Just consider the special trivial case 6 = 0. 
This implies that solutions of the SDE © (if they exist) may not belong to the Sobolev 
space W 1 > p (R d ,dx),p > 1. However, we will show that such solutions do indeed belong to 
the weighted Sobolev spaces W l,p (M. d ,w) for p > 1. 
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Remark 2 (i) Let w : R — > (0, oo) be a weight function in Muckenhoupt's A p — class 
(1 < p < oo), that is a locally (Lebesgue) integrable function on R d such that 

sup Gdi) l B w{x)dx ) ixh) f B ^ m ~ p)d *) P =■ °»* < <*>. 

where the supremum is taken over all balls B in M. d and Xd is Lebesgue measure on M. d . For 
example the function w(x) = |x| 7 is an A p — weight iff —d < 7 < d(p — 1). Other examples 
of weights are given by positive superharmonic functions. See e.g. JIffi and \PT§ and the 
references therein. Denote by H 1,p (M. d ,w) the completion of C°°(R d ) with respect to the 
norm \\-\\ lpw in If w is a A p — weight, then we have 

W 1,p (R d ,w) = H 1,p (R d ,w) 

for all 1 < p < 00. See e.g. [Lffl . 

(ii) Let po = ini{q > 1 : w is a A q — weight] and let u £ W l,p (M. d , w). If Po < p/d, then u is 
locally Holder continuous with any exponent a such that < a < 1 — dpo/p. 

We now state our main result in this section which gives the existence of a Sobolev 
differentiable stochastic flow for the SDE (|6|). 

Theorem 3 There exists a stochastic flow <p s t of the SDE $]J$. Moreover, the flow is Sobolev 
differentiable: That is 

& it (.) and^Ji-) €L 2 (n,W^(R d ,w)) 
for all s,t € R and all p > 1 . 

Remark 4 If w is a A p — weight then it follows from Remark^ (ii) that a version of <fi st (-) 
is locally Holder continuous for all < a < 1 and all s,t. 

The following corollary is a consequence of Theorem [3] and the helix property of the 
Brownian motion. 

Corollary 5 Consider the autonomous SDE 

X s t ' x = x + I b(X^' x )du + B t - B s , s, t G R, (10) 

is 

with bounded Borel-measurable drift b : R d — > M. d . Then the stochastic flow of the SDE 
\1U\) has a version which generates a perfect Sobolev- differentiable cocycle {<f> 1 , 9(t, ■)) where 
9(t, •) : SI — > Q is the ^-preserving Wiener shift. More specifically, the following cocycle 
property holds for all wed and all t\,t<i G R: 

0o,ti+t 2 (•' w ) = 0o,t 2 {-,0(h,u))o (f) Qti (., u) 

We will prove Theorem [3] through a sequence of lemmas and propositions. We begin by 
stating our main proposition: 
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Proposition 6 Let b : R x M. d — > R d be bounded and measurable. Let U be an open and 
bounded subset o/R rf . For each tGR and p > 1 we have 

X t € L 2 {tt-W l ' p {U)) 

We will prove Proposition[6]using two steps. In the first step , we show that for a bounded 
smooth function b : [0, 1] x R rf — > R d with compact support, it is possible to estimate the 
norm of X' t in L (O, W 1,P (U)) independently of the size of b', with the estimate depending 
only on ||6||oo* To do this we use the same technicjue as introduced in |22j . 

In the second step, we will approximate our bounded measurable coefficient b by a 
sequence {b n }^ =l of smooth compactly supported functions as in step 1. We then show that 
the corresponding sequence X"' of solutions is relatively compact in L 2 (Q) when integrated 
against a test function on R d . By step 1 we use weak compactness of the above sequence in 
L 2 (Q, W 1,P (U)) to conclude that the limit point X t of the above sequence must also lie in 
this space. 

We now turn to the first step of our procedure. Note that if b is a compactly supported 
smooth function, the corresponding solution of the SDE ([I]) is (strongly) differentiable with 
respect to x, and the first order spatial Jacobian -j^Xf satisfies the linearized random ODE 

d&Xf= b>(t,x?)lx?dt 

d vx _ T i V 11 ) 

dx^O — X rf 

where Id is the d x d identity matrix and b'(t, x) = ( -^—b^\t, x) ) denotes the spatial 

V Xl J \<i,j<d 

Jacobian derivative of b. 

A key estimate in the first step of the argument is provided by the following lemma: 

Lemma 7 Assume that b is a compactly supported smooth function. Then for any p £ [1, oo) 
and t € R, we have the following estimate for the linearized equation ill]): 

d 

where Cd tP is an increasing continuous function depending only on d and p. 

The proof of Lemma [7] relies on the following key estimate [22] : 

Proposition 8 Let B be a d-dimensional Brownian Motion starting from the origin and 
b\, . . . ,b n be compactly supported continuously differentiable functions bi : [0, 1] x R d — > R for 
i = 1, 2, ... n. Let on G {0, l} d be a multiindex such that \cti\ = 1 for i = 1,2, ... ,n. Then 
there exists a universal constant C (independent of {bi}i, n, and {a.i}i) such that 



sup E[\—X?\P] < C d , p 



E 



[ (f[D a %(t i ,x + B(t i )))dt 1 ...dt n 

JtoK^K - KtnKt \ i=1 J 



- f(fTi) {U) 

where V is the Gamma- function and x S R rf . Here D ai denotes the partial derivative with 
respect to the j'th space variable, where j is the position of the 1 in on. 
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We will next outline the proof of the above proposition. See \22\ for more details. 

Proof. Without loss of generality, assume that ||&i||oo < 1 f° r i = l,2...,n. Denote 
by z = (z^\ . . . zW) a generic element of M d . Denote by P(t,z) := (27ri)~ d / 2 e _ l 2 l 2t the 
Gaussian kernel in R. Write the left hand side of the estimate (|12p in the form 

/ / Y\D a %{ti,x + Zi)P(ti-ti_i,Zi- Zi^i)dzi...dz n dti---dt r 

Jt <t 1 <---<t n <t Jm. dn i=1 

Introduce the notation 

J%(t ,t,z )= / / I I D ax bi(ti,x + Zi)P{ti-ti_i,Zi- Zi_i)dzi . . . dz n dti . . . dt n 



[ [ YlD^bifax+zdPiti-ti-l,. 

Jt <t 1 <---<t n <t JR d " i=1 



where a = (an, . . . a n ) £ {0,l} nd . We shall show that \ J%(t ,t,0)\ < C n (t-t ) n/2 /r(n/2+l), 
thus proving the proposition. 

To do this, we will use integration by parts to shift the derivatives onto the Gaussian 
kernel. This will be done by introducing the alphabet 

A(a) = {P,D ai P,...,D an P,D ai D a2 P,...D an - 1 D an P} 

where D a \ D ai D ai+1 denotes the derivatives in z of P(t,z). 
Take a string S = S\ • • • S n in A(a) and define 



Is(t ,t,z ) = / y\bi(ti,x + Zi)Si(ti - ti-i, 

Jt <-<t n <t JM. d " i=1 



Zi — Zi-\)dz\ . . . dz n dt\ . . . dt n ■ 



We will need only a special type of strings: Say that a string is allowed if, when all the D ai P J s 
are removed from the string, a string of the form P ■ D° s D" s+1 P ■ P ■ D 0s+1 D as + 2 P • • • P ■ 
jja r jja r+1 p £ Qr g y 1 } r < n — 1 remains. Also, we will require that the first derivatives 
D ai P are written in an increasing order with respect to i. 

Before we proceed with the proof of Proposition [8] we will need some preliminary results. 
Lemma 9 We can write 

2 n-l 

3=1 

where each €j is either —1 or 1 and each S J is an allowed string in A(a). 

Proof. The equation obviously holds for n = 1. Assume the equation holds for n > 1, and 
let bo be another function satisfying the requirements of the proposition. Likewise with ctQ. 
Then 

J n a X\t ,t,z )= f [ D ao b (t 1 ,x + z 1 )P(t 1 -t ,z 1 -z )J%(t 1 ,t,z 1 )dz 1 dt 1 

Jt JR d 

[ bo{tx,x + zx)D aa P(t x - to, ^ - z^J^tx^z^dzidh 

t JR d 



[ [ b (tx,x+ zx)P(tx-t ,zx- z )D ao J^{tx,t,z 1 )dz 1 dt 

J to JR d 



1 • 
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Notice that 
where 



S 



D a °I§(t 1 ,t,z 1 ) = -lg°> a) (ti,t,z 1 ) 

D a «P -S 2 ---S n iiS = P-S 2 ---S n 
D a "D ai P -S 2 ---S n if S = D ai P ■ S 2 ■ ■ ■ S n 



Here, S is not an allowed string in A(a). So from the induction hypothesis D a °J"(to, t, zq) 
E|=i -£jl§ (to,t,*o) tnis gi ves 

2 n— l 2 n— ^ 



T (a ,a) _ ST^ T (a ,a) ST^ T 

J n+1 — 2.^1 J D a 0P-Si ~r Z^i t 3 1 P-Si' 



i=i 



i=i 



It is easily checked that when S J is an allowed string in A(a), both D a °P ■ S 1 and P ■ are 
allowed strings in A(ao, a). ■ 

For the rest of the proof of Proposition [8] we will bound Ig when S is an allowed string; 
the result will then follow from the representation in Lemma 8. 

Lemma 10 Let 4>,h : [0, 1] x M d — > K be measurable functions such that \<f>(s,z)\ < e~" z " 2 / 3s 
and ||/i||oo < 1- -AZso Zei a,/3 6 {0, l} d 6e multiindices such that \a\ = = 1. Then there 
exists a universal constant C (independent of <j), h, a and (3) such that 



1/2 Jt/2 

See [22] for proof. 



I [ [ [ (p(s,z)h(t,y)D a D l3 P(t- s,y - z)dydzdsdt 

J 1/2 Jt/2 Jw d JR d 



< c . 



Corollary 11 There is a universal constant C such that for measurable functions g and h 
bounded by 1 
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1/2 Jt/2 



g(s, z)P(s, z)h(t, y)D a D< 3 P{t -s,y- z)dydzdsdt 



< C 



and 



f f f f g(s,z)D~ t P(s,z)h(t,y)D a D l3 P(t- s,y- z)dydzdsdt 
J \/2 Jt/2 Jm d Jtt d 



-1 nt 
'1/2 Jt/2 . 

Notice that we have J Rd P(t,z)dz = 1 and that 



< C . 



[ \D a P{t,z)\dz <cr 1/2 , 

jR d 

[ \D a D p P{t,z)\dz <cr l . 
Jm d 



(13) 



(14) 
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Lemma 12 There is a universal constant C such that for every Borel-measurable functions 
g and h bounded by 1, and r > 

t rti 

g(t 2 ,z)P(t 2 -t ,z)h(t u y)D a D^P(t 1 -t 2 ,y-z)(t-t 1 ) r dydzdt 2 dt 1 



to J to 

<c(i + r)- 1 (t-t y+ 1 

and 

[ I' I I g{t 2 ,z)D^E(t 2 -t ,z)h{t 1 ,y)D a D fS P{t 1 -t 2 ,y-z){t-t 1 ) r d y dzdt 2 dt 1 
J t J to JR d JR d 

<c(i + r)-y 2 (t-t y + v 2 . 

To complete the proof of Proposition [8l use induction on n to show that there is a positive 
constant M such that 

M"(t-t )"/ 2 
I S (to,t,zo)< r(§ + 1) • 

for all integers n > 1 and for each allowed string S in the alphabet A(a) (|22j). ■ 

We are now ready to complete the proof of Lemma 
Proof of Lemma Iterating the linearized equation (jlip we obtain 



5a; 



oo „ 

=X d + £ / ft'( Sl) Xf 1 ):...:6'( 8n) X^)d a i...d Sn . 

n=1 >/ 0<si<...s n <t 



Let p G [1, oo) and choose r, s G [1, oo) such that = 2 9 for some integer q and ^ + - = 1. 
Then by Girsanov's theorem and Holder's inequality 



E 



d 

vxip 



-E 



n=l 



b'(si,x + jB ai ) : • • • : b'(s n ,x + B Sn )dsi . . . ds n \ p 



0<si<...s n <t 



xS(f b{u,x + B u )dB u ) 
Jo 



<Ci(\\b\U 



b'(si,x + jB Si ) : • • • : b'(s n ,x + B Sn )dsi ...ds n 



n=1 J0<s 1 <...s n <t 



L"P(ii,R dxd ) 



where ^(/g 1 b(u,x + B u )dB u ) is the Doleans-Dade exponential of the martingale Jq 1 b(u,x + 
B u )dB u = Y^,j=i lo b^(u,x + B u )dBi and C\ is a continuous increasing function. 
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Then we obtain 



<Ci 



<Ci 



oo 



6'(si,x + B Sl ) : • • • : b'(s n ,x + B Sn )dsi . . . ds r 



„_1 J 0<si<...s n <t 
oo d d 

n=l i,j=l h,...l n -i=l 



L s P(p,R dxd ) 



/-6«( Sl , x + B st )^-b( h \s 2 , x + B S2 )... 
t<si<—<s n <s c ' x h ax h 



_d_ 

dx,, 



b {ln - l) (s n ,x + B Sn )ds 1 ...ds n 



Now consider the expression 




0<«i< — <« n <* 



5«( S i,x+S Sl )-^-6( /l )( S2 ,x+ J B S2 ) . . . jLbM(s n , x+B Sn )dsi . . . ds n . 
OXi 2 - OXi 



''I 

1 n 



Then, using (deterministic) integration by parts, repeatedly, it is easy to see that A 2 can be 
written as a sum of at most 2 2n terms of the form 



• • • 92n(s2n)dsi . . . ds 2n 



(15) 



0<Sl<---<S2n<* 



where gi 6 | ^pb^ (•, x + B.) : 1 < i, j < d\, I = 1,2... 2n. Similarly, by induction it follows 
that A 2Q is the sum of at most 2 g2<?n terms of the form 



5l( s l) ■ ■ ■ g2in{s 2 in)dsi . . . ds 2 i n , 

'0<si<---<s 2 „<t 

Combining this with (10), we obtain the following estimate: 



(16) 



-JLb®(s u x + B si )^-b ( - h \s 2 ,x + B S2 )... A 6 G»-i)( Sftja . + Bsn )d Sl ...ds r 

0<si<-<s n <t clx h ax h ax 3 



< 



Then it follows that 



' 2<fl q n(j2in || £|| 2 c 'n£2i~ 1 n ' 

r(29- 1 n + 1) 



2 -i 



< 



2 gra C ra ||b||go 

g-l n M\2-« 



((29-%)!) 



E 



d 

I _ yl lip 

'fa ' 11 



i x ((29-!n)!) 2 - 



CdAWHoo). 



The right hand side of this inequality is independent of x G M. d , and the result follows. 
As a consequence of Lemma [7] we obtain the following result: 
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Corollary 13 Let X S)X be the unique strong solution to and q > 1 an integer. Then 
there exists a constant C = C(d, \\b\\ , q) < oo such that 



E [\X s t l' Xl - X 1 



19] 

tl I J 



< C(\ S1 - s 2 \ q/2 + \t x - t 2 \ qrz + \x x - x 2 \ q ) 



q/2 



for all si,s 2 ,h,t 2 , xi,x 2 . 

In particular, there exists a continuous version of the random field (s, t, x) i — > X%' with 
Holder continuous trajectories of arbitrary order a < \ in s,t and of order a < 1 in x, locally 
(see EB$). 

Proof. Let b n : [0, 1] x R d — > R d , n > 1 be a sequence of compactly supported smooth 
functions and let b : [0, 1] x W 1 — > M. d be a bounded Borel measurable function. Suppose 
that b n (t, x) — > b(t, x) dt x dx— a.e. and such that \b n (t, x)\ < M < oo for all n, t, x for some 
constant M. 

Denote by X n ' s ' x the solution of © associated with the coefficient b n ,n > 1. Without 
loss of generality let < si < s 2 < t\ < t 2 . Then 

= Xl - x 2 + I 1 b n {u,X^ s ^)du - ! 2 b n {u,X^ S2 > X2 )du 

J Si J S2 

+(B tl - B Sl ) - (B t2 - B S2 ) 
= Xl -x 2 + r b n {u,Xy^)du+ I* b n {u,XZ> Sl > Xl )du 

J S± J S 2 



b n (u,X, 



n,S2,X2 



)du 



»2 



t2 



b n (u,X^)du 



+(B tl - B t2 ) + (B S2 - B S1 ) 



*2 



xi-x 2 + I b n {u,Xy^)du 



t2 



b n {u,Xy^)du 



+ 



+ 



(b n ( U ,x:^)-b n ( U ,x^))du 



*2 
tl 



(b n (u,Xy^) - b n (u,Xy^))du 

+(B tl - B t2 ) + (B S2 - B Sl ). 
So due to the uniform boundedness of b n , n > 1 we get 



_E[|X n,Sl,Xl — X n ' S2,X2 | 9 ] 



< CJ\x x - x 2 \ q + Isi - s 2 \ q/2 + \h - t 2 



19/2 



E 

+E 



(b n (u,Xy^)-b n (u,X:> s ^))du 



tl 



(b n (u,Xr^)-b n (u,Xr^))du 



S2 



])• 



(17) 
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Using the fact that X^''' s is a stochastic flow of diffeomorphisms (see e.g. [E]), the mean 
value theorem and Lemma we get 



E\ 



(b n (u,X^)-b n (u,X^ X2 ))du 



i s 2 

\x\ - x 2 \ q E[ 



< \x 



l - X2 \ q J^e[ j^^fc^ti.jq?'' 1 '* 1 ^* 2 -* 1 ))^^ 811 * 1 ^* 3 -* 1 ))^ 



}dr 



pi ~~ x 2| 



SI 



dx h dx 82 







}dr 



< Cq\x\ — X 2 \ q SUp E\ 



\xi - x 2 \ q 



d 

fa * 



(18) 



Finally we observe that estimation of the last term of the right hand side of (|17p can be 
reduced to the previous case (fTKj) by applying the Markov property, since 



E[ 



(b n (u,XZ' sl ' X2 ) - b n (u,X^ X2 ))du 

< i E[\b n (u,X:^)-b n (u,X^)\ q ]du 

E[E[\b n (u,X^y) - b n (u,X^)\% =x7 , 
\ q ] = CE[\X^ S1 ' X2 - X^ Sl ' X2 \ q ] 



>.]du 



< CE[\X^ X2 -x 2 



< M q \s 2 -si 

for a positive constant M q < oo. 
Therefore, we have 



19/2 



E[\K 



} < C q (\ Sl - s 2 \ q/2 + \h - t 2 \ q/2 + \x x - x 2 \ q ) 



9/2 



for a constant C q independent of n. 

To complete the proof, we use the fact that X^ Sl ' Xl -> Xg' Xl and X% S2 ' X2 -> X° 2 ' X2 
in i 2 (/i) for n — > oo (see |22j ) together with Fatou's lemma applied to a.e. convergent 
subsequences of {X% Sl ' Xl }™ =1 and {X% S2 ' X2 }™ =1 . m 

This concludes step one of our program. 
We now proceed to Step 2. 

As before, we continue to approximate the bounded Borel-measurable coefficient b by a 
uniformly bounded sequence {&n}£!Li of smooth functions with compact support. We then 
consider the corresponding sequence of solutions when b in (4) is replaced by b n and denoted 
it by {X^' }^ =1 . The following lemma establishes relative compactness of the above sequence: 
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Lemma 14 For any cp £ C$°(R d ; R d ) and t £ [0, 1] the sequence 

{X?,cp) = [ (X?' x ,cp(x)) Rd dx 



is relatively compact in L 2 (Q,fi). Moreover, there exists a subsequence converging to (X t ,cp) 
in L 2 (f2,/x). 

Proof. Denote by D s the Malliavin derivative (see the Appendix) and by U the compact 
support of cp. By noting the inequalities 

E[\D s (X?,cp)\ 2 ] = E[\(D s X?,cp)\ 2 ] 

<\\cp\\ 2 \U\ S upE[\D s X?> x \ 2 } 

and 

E[\D s (X?,cp) L2(Rd) -D s ,(X?,cp)\ 2 ] 
= E[\(D s X?-D 3 ,X?,cp)\ 2 ] 
< \\<p\\li m \U\ snpE[\D s Xr - D S ,X?> X \ 2 } 

we can invoke Corollary [32] in connection with Lemma 3.5 [22j to obtain a subsequence 
(X™ ,<p) L 2(md\ converging in L 2 (£l,fi) as m — > oo. Denote the limit by Y(cp). 

Taking the S-transform (see |15| or |28j ) for the definition; or alternatively just use the 
Wiener transform on the Wiener space) of {X™, <p) and (X t , cp) ((X t ,cp) is well-defined because 
of Corollary [T3|) we see that for any </> G <S([0, 1]) (Schwartz test function space on [0, 1]) 

|S«A?,^»(0) - S((X t ,p))(<p)\ 2 = \(S(X? - X t )(0),p)\ 2 

<\\p\\l HRd) l^xr - xrm'dx 

< IMIz,2(Rd) J CE[J n (x)} exp(68 J \<f)(s)\ 2 ds)dx, 
where C is a constant and 

J n (x) := [ 2 J o ( b n\u, x + B u )- &<*>(«> x + B u )j du 



+ 



(b ( j\u,x + B u )f - (b®(u,x + B u )f 



du 



See [23] for a proof. Since {b n } is uniformly bounded, using dominated convergence, we get 
that 

(X?,cp)^(X t ,cp) 

in (5)* (Hida distribution space [IS]), in particular weakly in L 2 (Q,fi). By uniqueness of the 
limits we can conclude that 

Y(cp) = (X t ,cp). 
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We are now able to finalize the proof of Proposition [6j 
Proof of Proposition [6]. We know that {X™' x } n ^ is relatively compact in L 2 (Q,/j,) for 
each fixed t G [0, 1] and x G R d . In particular, let t G [0, 1] fixed and consider x = 0. Then 
we can choose a subsequence such that 

We now claim that for any p G Cg°(U), the following convergence 

<A? (fc) j¥ >> mL 2 (n,fi) 

holds for the same subsequence, {n(k)}. To see this, assume that there exists a p G Cq°(U), 
an e > and a subsequence n(k(j)) such that 

||(X^U)-(X t ^)|| i2{n) >6 

By (j!4p we may extract a further subsequence (X^ k ^\p) converging to (Xf,ip) giving 
the desired contradiction. 
Using (J7|), we have that 

,d x n {k) , x x 
ox 



supE 

k 



hence there exists a subsequence of -S^X^^ ,X (still denoted n(k) for simplicity) converging 
in the weak topology of L 2 (£l, L P {U)) to an element Y. Then we have for any A G J- and 

E[l A (X t ,p')]= lim E[l A {xf k \p')] 

k— too 



lim -E[1 A (^-Xf k \p}\ - -t\\ \(Y. p |. 

Hence we have 



P-a.s. for every p G which gives the result. ■ 

Remark 15 Arguing similarly as in the above proof we can show that there exists a subse- 
quence {n(k)} such that 

r n(k),x 

in L 2 (n) for all (t,x) G [0, 1] x R d . 



We now return to the weighted Sobolev spaces. Using the same techniques as in our 
previous lemma, we can prove the following 

Lemma 16 For all p G (l,oo) we have 

X t G L 2 (Q,W 1,P (R d , w)) 
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Proof. Consider the case d = 1. It suffices to show that E[(J \^Xf \ p w{x)dxf/ p ] < oo. To 
this end, let X t ' x denote the sequence approximating Xf as in the previous lemma. Assume 
first that p > 2. Then by Holder's inequality w.r.t. [i we have 

E[(J\^Xr\ p w(x)dx)^] 

<(e[[ \^-X^' x \ p w(x)dx] 2/P < ( / w{x)dxf/ 2 sup E[\-?-X?' x \ p }. 
V J ox J J x& d dx 

For 1 < p < 2, by Holder's inequality w.r.t. w(x)dx we have 

E[( I \^-XV" x \ p w(x)dx) 2 / p ] < ( f w(x)dxY 4 -^ 2 sup E[\-?-X?' x \ 2 }. 
J dx J xeRd dx 

In both cases we can find a subsequence converging to an element Y G L 2 (0, L p (M. d , w)) 
in the weak topology, in particular for every A G T and / G L«(IR d ,u;) (q is the Sobolev 
conjugate of p) we have 

lim E\1 A [ jLx? {k) ' w f(x)w(x)dx] = E[1 A [ Y(x)f(x)w(x)dx] 

k^oo J OX J 

by choosing / such that fw G L q (R, dx) (e.g. put f(x) = e~ w ( x ><p(x) for ip G Cq°(R)) we see 
from the previous theorem that Y must coincide with the weak derivative of Xf . This proves 
the claim. ■ 

We now complete the proof of our main theorem [3] and its corollary: 

Proof of Theorem OS Let us denote by R x 1 x R d 9 (s,t,x) i — > <f> a>t {x) € R d the 
continuous version of the solution map (s, t, x) i — )■ X^' in Corollary [131 Denote by f2* 
the set of all u G such that the SDE (|6|) has a unique Sobolev differentiable family of 
solutions. Then by completeness of the probability space (f^J 7 , /u), it follows that fi* £ J 
and //(O*) = 1. Furthermore, by uniqueness of solutions of the SDE ©, it is easy to check 
that the following two-parameter group property 

0«,t("' w ) = w )°0«,«( - > a; )> 4,,a(z,w)=x, (19) 

holds for all s,u, t G K, all x G M rf and all w G O*. Finally, we apply Lemma [THl and use the 
relation cj) st (-,ui) = <j)^ s (',oj), to complete the proof of the theorem. ■ 

Proof of Corollary 4. Let Q* denote the set of full Wiener measure introduced in the 
above proof of Theorem [3l We claim that 0(t, = £1* for all tel. To see this, let 

lo G O* and fix an arbitrary ti G R. Then from the autonomous SDE (llOj) it follows that 



pt+h 

XlXl M = x + / + S *+t a M " Sti M, *1, t € M, (20) 

By the helix property of B and a simple change of variable it follows that 

XlXtM=x+ [\(X t if ti (u))du + BMh,^))), t e I, (21) 
Jo 
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The above relation implies that the SDE (jlOp admits a Sobolev differentiable family of so- 
lutions when uj is replaced by 9(t%,u)). Hence Q(t\,u) G O*. Thus 9(ti,-)(Q*) C 0*, and 
since £i G R is arbitrary, this proves our claim. Furthermore, using uniqueness in the integral 
equation ([20]) it follows that 

X t t ^ h (co)=X^(9(t 1 ,co)) (22) 
for all ti,t2 G R, all x G R d and w G 0*. To prove the following cocycle property for all 

Lien* 

we rewrite the identity (|22p in the form 



tlltl+ta (a;,w) = 0o,t a (*^(*i.w)), ti,t 2 GR, xel^e^, (23) 

replace a; by (f) 1 (x, 9(t%,ui)) in the above identity and invoke the two-parameter flow property 
(|19p . This completes the proof of Corollary ■ 



Finally, we give an extension of Theorem [3] to a class of non-degenerate d— dimensional 
Ito-diffusions. 

Theorem 17 Consider the time-homogeneous R d — valued SDE 

dXf = b(Xf)dt + o-(X?)dB t , X§ = x G R d , < t < 1, (24) 

where the coefficients b : R d — > M. d and a : R d — > R d x M<Ve Borel measurable. Suppose 
that there exists a bisection A : R d — > M. d , which is twice continuously differentiable with 
bounded first derivative. Let DA : R d — > L (R d ,R d ) and D 2 A : R d — > L (R d x R d ,M. d ) be 
the corresponding derivatives of A and require that 

DA(y)a{y) = id Rd for y a.e. 

as well as 

A -1 is Lipschitz continuous. 
Assume that the function b* : M. d — > R d given by 

K(x) := DA (A' 1 (x)) [HA- 1 (x))] 

' d d 

^(A- 1 ^))^],^^- 1 ^))^ 



+ l -D 2 A (A- 1 (x)) 



.i=i i=i 



satisfies the conditions of Theorem^ where e^, i = l,...,d, is a basis ofR d . 
Then there exists a stochastic flow (s,t,x) i — > 4> st (x) of the SDE such that 

^(•)eL 2 (fl,r(RV)) 

for all < s < t < 1 and all p > 1. 
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Proof. Ito's Lemma applied to ([I]) implies that 
dYf = DA (A -1 (Yf)) [6(A _1 (Yf))] 



+-D 2 A (A- 1 (Yf)) 



d d 

Y, ^A" 1 (*70) [ei] > E a (^- 1 ( Y f)) [ei] dt + dBt 

.i=l i=l 

A(x) , < t < 1, 

where = A (Xf ) . Because of Theorem [3] and a chain rule for functions in Sobolev spaces 
(see e.g. [36]) there exists a stochastic flow (s,t,x) i — > <t> s t( x ) °f the SDE (|24p such that 
<f> st (-) G L 2 (f2, WT(R d , u;)) for all < s < t < 1 and aU p > 1. ■ 



Y 



3 Application to the Stochastic Transport Equation 

For this section we will study the stochastic transport equation 

' dtu(t,x)+ (b(t,x) ■ Du(t,x))dt + Ei=i e i • Du(t,x) o dB\ = , * 

it(0,x) = uo(a?), 

where ei,...ed is the canonical basis of R , b : [0,1] x M d — > M d is a given vector field 
and uq : M d — > R is a given initial data. The stochastic integration is understood in the 
Stratonovich sense. 

In [18] it is proved that for smooth data and sufficiently regular vector field b, ([25]) has an 
explicit solution u(t,x) = uo((f)f 1 (x)) where 4> t (x) is the flow map giving the unique strong 
solution (Xf)t>o of the SDE ([I]). In fact this solution in strong in the sense that u(t, •) is 
differentiable almost surely for all t, and it satisfies the integral equation 



rt d rt 

i(t,x) + / Du(s, x) ■ b(s, x)ds + } / ej • Du(s,x) o dB\ 
Jo i=1 Jo 



Uq(x) 



almost surely, for every t. 

We shall use a stronger notion of solution that is adopted from Definition 12 in |11| . 



Definition 18 Let b be bounded and measurable and uq G L OD (M d ). A differentiable, weak 
L°° -solution of the transport equation i25\) is a stochastic process u G L°°(Q x [0, 1] x M d ) such 
that, for everyt, the function u(t, •) is weakly differentiable a.s. withsup Q<s<1 x< z R d E[\Du(s,x)\ 4 
oo and for every test function 9 G Co°(R d ), the process f Rd 6(x)u(t,x)dx has a continuous 
modification which is an J- 1- semi martingale and 

9(x)u(t,x)dx = / 9(x)uo(x)dx 

R d jR d 



/ Du(s,x) ■ b(s,x)0(x)dxds 
Jw. d 

+ ^J (/ u ( s , x ) D i e ( x ) dx ^) odB i ( 26 ) 



where Du(t,x) is the weak derivative ofu(t,x) in the space-variable. 
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Our definition of weak solution differs slightly from that of [TT] by the fact that we do 
not require any regularity on b except boundedness. To compensate for it, the expression 
depends on the weak derivative of u(t,x). 

However, using the same proof as in Lemma 13 [TTJ, on can reformulate the problem in 
ltd form as follows 

Lemma 19 A process u G L°°(J7 x [0,1] x M. d ) is a differentiable, weak L°° solution of 
the transport equation i25\) if and only if, for every test function 9 G Cq°(W 1 ), the process 
L d 8(x)u(t, x)dx has a continuous Ft-adapted modification and 



I 9(x)u(t,x)dx = [ 8( 

JR d JR d 



x)uo(x)dx 

/ Du(s,x) ■ b(s,x)9(x)dxds 
o JR d 

+ Ylf Q (/ u{s,x)D i 6{x)dx S j dB\ 

H — j I u(s,x)A9(x)dxds. 
2 Jo JR d 



The main result of this section is the following existence and uniqueness theorem: 

Theorem 20 Let b be bounded and measurable, and let uq G C£(M. d ). Then there exists 
a unique differentiable, weak L°° -solution u(t,x) to [25\) . Moreover, for fixed t and x, this 
solution is Malliavin- differentiable. 

Remark 21 We mention that the corresponding deterministic transport equation in t25\) is 
generally far from being well-posed under the conditions of Theorem\2(A It is remarkable that 
the superposition of the deterministic equation by a Brownian noise leads to unique regular 
solutions of the stochastic transport equation. 

We shall prove this theorem using a sequence b n : [0, 1] x W 1 — > M. d of uniformly bounded 
sequence of smooth functions with compact support converging almost everywhere to b. We 
then study the corresponding sequence of solutions of (f25j) when b is replaced by b n . 

For the rest of this section we denote by <p t the flow of Q] corresponding to the vector field 
b, and <j> nt the flow of CD with b n in place of b. 

Then we have the following lemma: 

Lemma 22 Let u € Cl(R d ) and f £ L 1 (R d ). Then the sequence 

u o(<f>n?s( x ))f( x ) dx 



n>l 

converges to L d uo((j)~ 1 (x))f(x)dx in L 2 (Q) for every s G [0, 1]. 
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Proof. Consider 

Uo((/>n^(, x ))f(, x ) dx ~ I u ((/)J 1 (x))f(x)dx\\ L 2 ( Q- ) 



< 



\M4>n!s( x )) ~ Mfis 1 ( x ))\\LHn)\f(x)\dx 



We have \\u (4>n}s{ x )) ~ u o(4> s 1 {x))\\l^(Q) < \\ Du o\\oo\\4> n !s(. x ) ~ 4> s 1 { x )h^n) which goes to 
zero for every s and x by remark [15j Now 

and the result follows by dominated convergence. ■ 

We also need the following result (see Theorem 2 in [13] in connection with [31] 



Theorem 23 Let U be open subset of R rf and f G W 1,P (U) be a homeomorphism, where 
p = d (dimension). Then f satisfies the Lusin's condition, that is 

Ed U, \E\ =0 => \f{E)\ = 0. 

Here \A\ stands for the Lebesgue measure of a set A. 

Moreover, for every measurable function g : U — > [0, oo) and measurable set E C U the 
following change of variable formula is valid: 



(go f)\detJf\dx = g(y)dy, 

Jf(E) 



IE Jf(E) 

where det Jf is the determinant of the Jacobian of f. 

Remark 24 The stochastic flows (f) t (-) , (p^ 1 (■) G W^(M. d ) a.e. satisfy the conditions of 
Theorem\2^on each bounded and open subset U ofM. d . 

We are ready to prove Theorem 1201 
Proof of 1201 1. Existence of a weak solution: 

We consider the approximation {b n } of b as described in Corollary 13. Then we know 
that there exists a classical solution to (|25[) when b is replaced by b n , which is uniquely given 
by u n (t,x) = uo(4>Y ( x ))- I n particular, u n is a differentiable, weak L°°-solution, equivalently 
described by Lemma [T9l so that for every 9 £ C c 



9(x)u n (t,x)dx = I 6(x)uo(x)dx 

Du n (s,x) ■ b n (s, x)9(x)dxds 

+ Y,J o (yf d U n {s,x)D i 9{x)dx^j dB\ 



H — / / u n (s, x)A9(x)dxds 
2 Jo JM. d 
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Let's now define u(t,x) = uo((f>^' 1 (x)) so tna * u e L°°(VL x [0,1] x ~R d ), and u(t, •) is weakly 
differ entiable, a.s. We now let n to infinity to capture that u(t, x) is a solution. 
By Lemma [22] we get that 



9(x)u n (t,x)dx — > / 9(x)u(t,x)dx 



in L 2 (f2). Lemma [22] in connection with dominated convergence gives 



u n (s, x)A9(x)dxds 



in L 2 (fi). By the Ito isometry we have 



JR d 



u(s, x)A9(x)dxds 



T f ( I u n (s,x)D i 9(x)dx) dBt ^J2 f (I 

~l JO \JR d J i=i^ ^ R£ 



u(s,x)Di9(x)dx I 



in L 2 ($7). Finally, we claim that 



Du n (s,x) ■ b n (s,x)9(x)dxds 



Du(s,x) ■ 6(s, x)9(x)dxds 



in L 2 (fi). To see this observe that 



o Jm. d 



Du n (s,x) ■ b n (s,x)9(x)dxds 



is converg ent in L 2 (9) because of the above equality. Then the claim is proved once we show 
that f£ f Rd Du n (s, x) ■ b n (s, x)9(x)dxds converges weakly to J * J Rd Du(s, x) ■ b(s, x)9(x)dxds. 
Then the strong and weak limit must coincide. 

To see that we have weak convergence, write the difference in three parts, namely 



JR d 
t 







+ 



Du n (s,x) ■ b n (s,x)9(x)dxds - 

Du n (s,x) ■ b n (s, x)9{x)dxds - 
Duo(4>~ 1 s (x))D(j)~ 1 s (x)-b(s, x)9(x)dxds- 
Duq{4>~ 1 {x))D4>~ 1 s (x)-b(s, x)9(x)dxds- 



t 

JR d 
t 



JR d 
t 



Du(s,x) • b(s,x)9(x)dxds 

Du n (s,x) ■ b(s,x)9(x)dxds 
Duo{4>~ l {x))D4>~ 1 s (x)-b(s, x)9{x)dxds 
Duo{(f)~ l {x))D(j)~ l {x)-b{s, x)9(x)dxds 



'0 JR d 

= (i)n + (U)n + (Hi)n 

We shall deal with these terms separately. 

(a): The first term converges to strongly in L 2 (f2), since by Holder's inequality and 
Fubini's theorem 
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E[(i)l\ = E 



JR d 



Du n (s,x) ■ (b n (s,x) — b(s,x))9(x)dxds 
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< / / E[\D Un (s,x)\ 2 ]\b n (s,x)-b(s,x)\ 2 \e(x)\dx\\9\\ LH 





We have that 

E[\Du n (s,x)\ 2 ] < WDuoWlEWD^x)] 2 ] 

which is uniformly bounded in n, s and x by Lemma [71 Then, using dominated convergence, 
we get the claim. 

(/?): The second term converges strongly to in L 2 (f2), since we have 

< WHlctPh^) f I E[\Du {^ s {x)) - Du Q (<p-\x))\ 2 \D^ s {x)\ 2 ]\0(x)\dxds 
Jo JR d 

Lt\\0\\L H R d ) f [ (E[\Du (<p-} s (x)) - Duo^-Hx))^ 2 (E[\D^ s (x)\Y 2 \e(x)\dxds 
Jo Jm. d 



< 



< \\bfoot\\e\\iA<B*) (E[\D^ r (y)f] 



k,r,y 

t 



1/2 



x/ / (EilDuo^-^-Duoi^ix^f'ieix^dxds 
JO JR d 

where we have used Holder's inequality repeatedly. Since Duq is bounded and continuous, 
this converges to by dominated convergence. 

(7): For the last term, let X 6 L 2 (0) and consider 

E[(iii) n X] = f E[f Du ((p- 1 (x))(D(P~ 1 s (x) - D(f)- l (x)) ■ b{s, x)6{x)Xdx\ds 

Jo JR d 

Now, for each s, since Duq, b and 9 are bounded and Dcj)' 1 is the weak limit of D(j>~\, this 
expression tends to as n — > 00. 

2. Uniqueness of weak solutions: Let us assume that u is a solution to the stochastic 
transport equation (j26| with sup 0<s<1 xeK d E[\Du(s, x)\ 4 ] < 00. 

We want to show that 

u(t,x) = uo((f)^ 1 (x) a.e. 

To this end let V be a bounded and open subset of M. d and consider for the locally 
integrable function u(t, •) on R rf its mollification 

u e (t,x) = (u*rj e ) = / u(t,y)rj e (x-y)dy, 

JR d 

with respect to the standard mollifier 77. 
We observe that u e satisfies the equation 

u e (t, x) = no, e (x) — / (b ■ Du) € (s,x)ds — / (Du) e (s, x) o dB s . 
Jo Jo 
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Then using the Ito-Ventzell formula applied to u e and <fi t (x) (see [18]) gives 



u e (t, </> t (x)) = u , e (x) + / ((Du) e (s, <t> a {x)) ■ b(s, <j) s {x)) - (b ■ Du) e (s, <j> 3 (x)))ds. (27) 







Now let r E L°°(0) and 9 be a smooth function with compact support in V. Then it 
follows from (|271) that 



E[t / 9(x)u t (t,4> t (x))dx] 
Jv 

E[t [ e(x)uo >e (x)dx] (28) 
((Du) e (s, <j>„(x)) ■ b(s, <f> 8 {x)) - (b ■ Du) e (s, <t> s {x)))dxds\. (29) 



V 



+E[r f [ 
Jo Jv 



Using Theorem [231 applied to <j> t we obtain 



E[t f [ 6(x)((DuUs, 4> s {x)) ■ b(s, 4> s {x)) - (b ■ Du) e (s, 4> s (.x)))dxds} 
Jo Jv 



= E[r / X ^ (v)(x)0(^Hx))({Du) e (s,x)-b(s,x)-{b-Du) e {s,x))\det{J^- 1 (x))\dxds} 

J0 JR* 

= h + h, (30) 
where 

h ■= E[t f I Xa ( V /)(x)0(0 s - 1 (x))(( J Dn) e ( S ,x) • b(s,x)) |det(J^ 1 (x))| dxds] (31) 
J0 Jti d 



and ^ 

I 2 :=-E[r! [ x 4>s (v)(x)0((t>7 1 (x))(b-Du) e (s,x)\det(J^- 1 (x))\dxds]. (32) 
Jo Ju d 

Since V is bounded, there exists a n £ N such that V C V C W := (— n, n) d . Then we get 

\\{Du) £ \\ L 2 {(j>s{v)) < \\Du\\ L2((f>s{w)) 
and 

||(6 ■ Du) t \\ L2((j)s{v)) < \\b ■ Du\\ L 2 {4>s{w)) 

< \\b\U\Du\\ L2{<i)s{w)) . (33) 

Using (|33h we obtain in connection with Holder's inequality, Fubini's theorem and Theo- 
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rem [23] that 



h < CE[f\f (x^ { v)(x)e(^\x))b(s,x)\det(J ( l ) -Hx))\) 2 dx^ 
Jo JR d 



i X4>(w)i x ) \Da(s,x)\ 2 dx)?ds] 
< C [ E[[ ( X(/)s( y)(^(C 1 W)^^)|det(JC 1 (x))|) 2 dx]l 



C / E i X 0s( y)(*)|det(J<^V))| 2 ^ 

JO JR d 



10 



< t 

Jo L JR d VsKV ' ' ' ' 

■-£[/ Xk(woOc)l-Du(s>aO| Z <&]'<k 

s [x*,CV^(s)]sS[pu(«,x)| 4 ]*d&)5da 

< C sup S[|det(J^ 1 (^))| 4 ]^ sup E[\Du(s,x)\ 4 }^ 

0<s<l,x£R d Q<s<l,x£ 
ft 

(/ E{x 4>s{v) {x)]idx)ds 



io 



< C / (/ S[x^ (v) (x)]3cte)d S (34) 

for a constant C depending on the sizes of V, 9 and b, since 

sup J B[|det(J0 ; : 1 (x))| 4 ] < M < oo 

0<s<l,xGM d 

due to a similar version of Lemma [7] with respect to <f>j(x). 

Further, it follows from Girsanov's theorem, Holder's inequality and the symmetry of the 
distribution of the Brownian motion that 

/ / E[ X(j> {w) (x)]^dxds 
Jo JR d 
ft 



< 




(fi(</>J l (x) e W))^dxds 
cff (p(B a + xeW))*dxds 

Jo JR d 

C / (fj,(B s + x e (-n,n) d )*dxds 
Jo Jm d 



ft poo 

< C I (2 {l-^-l-JL))i d yfds, (35) 



o Jo 



- n +Vw\i..\d. 
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where $ is the standard normal distribution function 
On the other hand we know that 

1 



1 - $(x) < —— exp(-x 2 /2) 

27TX 



for all x > (see [2]). 
So 



E [x<f> s (W)( x )] 2dxds 

< C f (2 f (1 - *(=2 + »))icfo + 2 f°(l - $(Z^±l))| dy) ^ 

JO JO V s Jn V s 

< k f\( f (i - *(Z!5 + »))i^ + ( r ( i _ ^(zn + V))^)^ 

JO JO V s Jn V s 

ft poo rr 

< M(l+/(/ (— ^ -exp(-(y-n) 2 /2s)^dy) d )ds) 



Jn 
t />oo 



v 2vr(y - n) 




M(l+ ( (J-exip(-y'/2s))*dyy)ds) 



o Jo 

/>oo 



"2ny 



pt poo 1 

= M(l + J (J ^- s (—eM-y 2 m) l dy) d )ds) 
< L < oo. (36) 



Furthermore, since 

(£»«)e — > #n in Lf oc 

for all p > 1 and since 



oo a.e. 



^(V^Ws" 1 ^))^) \det(J<P;\x))\) 2 dx < 
because of the above estimates, we obtain 

X4, s (y)(x)Q(^\x)){(Du) e {s,x) ■ b{s,x)) |det( J</>j\x))\ dx 

X^iv^Wi^s 1 i x ))i(. Du )( s , x ) ■ H s , x )) |det(J^ s " 1 (x))| dx 



for e \ fx x ds— a.e. 

On the other hand the latter expression w.r.t. e is dominated by the integrable term 



So using dominated convergence it follows from (J34J) and (|36h that 

7i = /i(e)— »• (37) 
/ / X^( V )( x W7H x ))((Du)(s,x) ■ b(s,x)) |det(J0 s - 1 (x))| dxds] 



for e \ 0. 
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Similarly to 1\ we also get 

h = /2(e)— ► (38) 



-E[t f [ Xj> (v) {x)6{<p- 1 {x)){b-Du){s,x)\dzt{J<p- l {x))\dxds\ 
JO JR d 



for e \ 

and 

E 



[t / 9{x)u e (t,(j) t (x))dx} — > E[t / e{x)u{t,(j) t {x))dx] (39) 
Jv Jv 



as e \ 0. 

In addition, because of the assumptions on uq it is clear that 



E[t / 6(x)u ,e(x)dx] — > E[t / 9(x)u (x)dx] 
Jv Jv 



as e \ 0. 

Altogether we can conclude that 



E[t 6(x)u(t,(p t (x))dx = E[t 6(x)u (x)dx] 
Jm. d Jm. d 

for all r G L°°(f2) and compactly supported smooth functions 9. Hence 

u{t,4>t{ x )) = u o( x ) 

fj, x dx—a.e. 

Since 0^ 1 (') satisfies the Lusin condition in Theorem 1231 on bounded open subsets we can 
find a £1* with /z(fi*) = 1 such that for all 

u(t,x) = uo((f)^ 1 (x)) dx — a.e. 

Due to the continuity of u with respect to time the latter relation also holds uniformly in t. 

Finally, the Malliavin differentiability of (a version) of u(t, x) is a consequence of the fact 
that <j>t l (x) is Malliavin differentiable (see [22 j ) and of the chain rule for Malliavin derivatives 
(see [27]). ■ 



4 Application to ODE's 



In this section we employ the approach developed in Section 2 to study the existence of 
absolutely continuous solutions x i — > Xf of the time-homogeneous (deterministic) ODE 

dXf = b(X?)dt, X = x£R,teR, (1) 
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where b : R — > R is a discontinuous function. More precisely, we show that the sequence of 
solutions X n,x ,n > 1 to the perturbed equation 

dX?' x = b(X^ x )dt + ^dBt,X™' x = x£R,t£R, 

converge to a solution X n ' x of the ODE (jTJ. Furthermore, we show that this family of 
solutions to the ODE is absolutely continuous in x € R. 
We begin with the following observation: 

Proposition 25 Let b = .,&<*) : [0,1] x R d — > R d be a bounded Borel measurable 
function with at most countably many points of discontinuities in the space variable uniformly 
in time. Further, suppose that there exist constants m, > 0, %= l,...,d such that for each i 

either rrii < bi(t, y) for all t, y or bi(t, y) < —mi for all t, y. (2) 

Then there exists for all initial values x E M. d a solution to the ODE 

dXf = b(t, X?)dt, X =x,0<t<l. (3) 

Proof. By a result of A. Y. Veretennikov [35] we know that the perturbed equation 



dX^ x = b(t, X^ x )dt + ~dB t ,X%> x = xeR d ,0<t<l 

has a unique strong solution X n,x with continuous paths for all n > 1. 

On the other hand, we also know that the Brownian paths are a— Holder continuous a.e. 
for all a < ^ See e.g. [16] . Let us fix a uj in some Q* with = 1 on which all those 

solutions and Brownian paths are concentrated. Then there exists a constant C = C{oS) < oo 
such that for all < t\,t2 < 1 and n > 1 



l x nx_ x nx* < M\ti-t 2 \ + -\h-t 2 \ a 

n 

< M\t 1 -t 2 \+C\t l -t 2 \ a 



for a constant M < oo. Clearly, we also have 

sup lA 7 '™' 3 ^] < M < oo 

0<t<l 

uniformly in n for some M. So it follows from the theorem of Arzela-Ascoli that 
x n k ,x _^ X x = {X x ' ( - 1 \...,X x '^)mC([0,l];R d ) 

k — >oo 

for some subsequence {n/ c }^ =1 of {n}^ =1 . Thus 

i-t 

X x ' ij) = Xj + Jirn^ / bj(s, X^' x )ds 

J 
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for all t £ [0, 1], j E {1, 2, • • • , d}. So we obtain from ([2]) that for each 1 < j < d either 

x x,(j) _ x x,(j) = Hm j 2 ^ X n k ,x^ ds > ^ > 0, ii < t 2 

or 

X^; ij) - X^ ij) = Jhn^ / bj(s, X^' x )ds < -rrij <0,h< t 2 . 



ti 

So any of the components X x '^ of X x is a bijection on [0, 1]. Hence X^'^ can only hit the 
j— th projection of the points of discontinuities of b in the space variable at most countably 
many times for t E [0, 1]. Therefore X x doesn't hit the discontinuity points of b t—a.e. Finally, 
using dominated convergence we get 



Xf = x+f b(s,X x )ds,0<t<l. 
Jo 



Remark 26 In \3I$ it is shown that even if b : [0, oo) — > [a, b] with a > is Borel measur- 
able, then the ODE {3p has a solution in [0,oo). 

In the sequel let us denote by 

r f(s,y)L xx (ds,dy) (4) 



the integral of a bounded measurable function / : [0, 1] xR — > K with respect to the local 
time L xx (ds,dy) of X x := X 0,x (in time and space). For more information about local 
time-space integration the reader is referred to [6] or [33] . 
We also need the following auxiliary result: 

Lemma 27 Let b : K — > R be a bounded Borel measurable function and let (6 n )n>l C 
Cq°(M) be a sequence of functions such that 

b n (y) — > b (y) := b(y) a.e., 

n — >oo 

and 

Mi/) I < c 

for all n > l,y E R and some finite positive constant C. Denote by X n,x the unique strong 
solution to 

dX?' x = b n {X^ x )dt + 5dB t ,X%' x = x E R, < t < 1, 

where 5 > is a constant. Let b' n be the derivative of b n for each n > 1. 
Then the following convergence 

exp(/ b' n (X^)ds) — > ex P (- / / ib(y)L x " (ds,dy)) 
Jo n —^°° Jo Jr o 

holds weakly in L 2 {hi x [0, 1] x Q,,dx x dt x dfi) for all bounded open sets WcM. 
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Proof. Let t £ L 2 (W x [0, 1] x fi). Then Girsanov's theorem implies that 

V,exp(/\(X«^)-exp(- f [ ±b(y)L xx (ds,dy))" 
v Jo Jo Jr o / 

rt 1-1 J If 1 ! 

r(exp(/ b n {5B s + x)ds)exp( -b n {5B s + x))dB s - - -^(b n {6B s + x)fds) 
Jo Jo o z Jo o 



L 2 (Wx[0,l]xf!) 



- exp(- 




0b(y)L SB+ *(da,dy)) 



• exp( f \b(8B s + x))dB s ^(b(8B s 
Jo o z Jo o 



+ x)) 2 ds)) 



< h + h, 

where 



r((exp(/ b' n (5B s + x )ds) - exp(- I [ ^b(y)L 5B+x (ds,dy))) 
Jo Jo Jr o 

exp(/ \b n {5B s + x))dB s - \ [ hb n {5B s + x)fds)) 
Jo 6 2 Jo <r 



n(wx[o,i]xn) 



and 



exp(- f I ±b(y)L SB+x (ds,dy)). 
Jo Jr o 

•(exp( f -b n (5B s + x))dB s -If ^(b n (8B s + x)) 2 ds)) 
Jo o 2 Jo $ 

-exp(/ \b(5B s + x))dB s -\ [ ^(b(5B s + x)) 2 ds))) 
Jo o 2 J b A 

By [HI Theorem 3.1] we have 

f V n {5B s + x)ds = - I f ^b n (y)L 5B+x (ds,dy) 
Jo Jo Jr o 

for all t, /x— a.e. 

On the other hand, we also know (see [33, p. 220]) that 



^(WxfO.llxf!) 



1 



b n (y)L dB +%ds,dy) 



r* i 

2(F n (5B t + x) - F n {x) - / - § b n (6B s + x)SdB s ),n>Q, 

Jo o 



where F n (y) := J Q y ^b n (u)du,n > 
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So it follows from (|40p and ([40 p and Holder's inequality that 

rt ! 



h 



T{exp(2(F (5B t + x) - F (x) - [ \b{5B 8 + x)dB s )) 

Jo ° 

r* i 

-exp(2(F n (SB t + x)-F n (x)- / -b n {5B s + x)dB s ))) 

Jo o 

r* i 

< K exp(2(F n (5B t + x) - F n (x) - / -b n (5B s + x)dB s )) 

Jo d 

■ exp(2(F (5B t + x) - F n (5B t + x)) + 2(F n (x) - F (x)) 

r* i 

+2 -(b n (8B s + x)-b(5B s +x))dB s ) 
Jo ° 

< KA1A2, 



LVWxlO.lJxn) 



L 2 (Wx[0,l]xfi) 



where 



and 



r* 1 

exp 4 {F n (5B t + x) - F n {x) - / -b n {5B s + x)dB s )) 

Jo 



1/2 



A, 



||(e X p(4(F ( ( 5 J B i + x) - F n (5B t +x)) + 4(F n (z) - F (x)) 

1/2 



+4 / 7 (6 n («55 s + x) - b(5B s + x) )dB s ) - 1) 
Jo 



L 2 (Wx[0,l]xQ) 



Using the mean value theorem and Holder's inequality we get 
A 2 

< \\\4(F (6B t + x) - F n (5B t +x)) + 4(F n (x) - F (x)) 

r l 1 

+4 / -(b n (5B s + x)- b{5B s + x))dB s 
Jo 

■ exp(\4(F (8B t + x) - F n (6B t + x)) + 4(F n (x) - F (x)) 

r* 1 

+4 / -{b n {5B s + x)- b(5B s + x ))dB. 
Jo 



1/2 

L 2 (Ux[0,l]xQ) 



< CiC 2 , 



where 



d : = |||4(Fo(«5 J B t + x)-F n (^ + x)) + 4(F n (x)-Fo(x)) 



/■* 1 

+4 / -(& n (<^ + x) - b{5B s + i))dfl t 
Jo 



1/4 

L 2 (Wx[0,l]xf7) 



and 



C 2 



||exp(|8(F (<JBt + z) - F„(£B* + x)) + 8(F n (x) - F Q (x)) 

1/4 



+8 / ^(SB, + x) - 6(5S S + x))dB s 
Jo 



i 2 (Wx[0,l]xn) 
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By applying Burkholder's inequality we get 

Cl < p2(F (SB t + x)-F n (SB t + x) + F n (x)-F (x))\ lj2Uix[ril] 
ft ! 



+K 



[ ^{b n (5B s + x)-b(5B s + x)) 2 ds 
Jo o 



2|| 1/4 

1/4 

L 2 (Ux[0,l]xQ) 



(9) 



The latter two terms converge to zero as n — > oo, by dominated convergence. 

Using Holder's inequality and the super-martingale property of Doleans-Dade exponen- 
tials we also observe that 



C 2 < ^HexpCie^l^ + xDH^^j^ 

ft 1 

exp(^ 2 / a(b n (5B s + x)- b(5B s + x)) 2 ds) 
Jo o 

< K4 < 00 



1/8 

L 2 (Mx[0,l]x!J) 



for some constants Ki,i = 1,2,3,4. 

By the same arguments we also obtain A\ < D < 00 for some constant D. So we see that 
I\ = Ii(n) — > for n — > 00. Similarly, we can show that I2 = hi 71 ) — > as n — > 00. 
This completes the proof. ■ 



Theorem 28 Let b : K — > K be a bounded decreasing function such that either m < b(y) for 
all y or b(y) < —m for all y for some constant m > 0. Then there exists a unique continuous 
function (t, x) 1 — > Xf onlxK such that 

Xf=x+ fb{X x s )ds, (10) 
Jo 

for all t, x G K. Moreover, the map 

belongs to L 2 ([0, 1]; W 1,2 (U)) for any bounded open interval U in R. The family R 9 x 1 — > 
Xf) G R, t G R, is o group of W 1,2 Sobolev diffeomorphisms on R. 

Proof. Uniqueness is easy. Indeed, suppose Y^ 1 is any solution of equation (fTU|h Then 
|(Xf - IT) 2 = 2(|xf - jYf)(X? - Yf) = 2(b(Xn - b(Yf)){X* - Yf) < 

since b is decreasing. Integrating the above inequality from to t, we get 

{X?-Y t *f<{X%-Y *) 2 = 

This proves uniqueness. 

We next prove existence of the flow for reflO. It is sufficient to prove existence for Let 
x £ U, an open bounded interval in R and for t G [0, 1]. Suppose b m ,m > 1 is a sequence 
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of decreasing functions in Cg°(]R) such that b m (y) — > bo(y) := b(y) a.e. m — > oo a.e. and 
\b m (y)\ < C < oo for all m, y and for some positive constant C. 



Consider the solution x m ' n ' x of the SDE 



x m,n, X =x+ f bm ( X ™' n > x )ds + -B t , < t < 1 

io n 



for all x £ U,n,m > 1 fi—a.e. 
We have (see [IB]) 



d_ x ^ n>x = 1+ f* b' m (X^ n ' x )^-X^ n ' x ds, 0<t<l 

OX J q C/X 



for all x £ U,n,m > 1 /i— a.e. 
Therefore, 

5 



• ym,n,x 

~dx~ 1 



exp( f b m (XT' n ' x )ds). (11) 



Let G c^°(w),c e L°°(n),he L°°([0,1]). 

Now from the proof of Lemma [TBI in Section 2, it follows that for each n > 1 and p > 1 



sup sup sup E\ 

0<t<l i6«m>l 

where M = M(n,p) is a positive constant. 
The latter proof also shows that 



d 

w yin,n,x 

dx~ * 



P 

] < M < oo, 



/ / E[X™> n ' x £]h(t)-?-<p(x)dtdx 
Ju Jo ox 



Since the map (t, x) i — > X x ' n belongs to L 2 ([0, 1] x Q,; W 1,2 (U)), then it has a continuous 
version (i, x) i — )■ X t ,x which is absolutely continuous in x. 
Using (llip and Lemma [27] we find 



- / C E[X^ n ' x ^}h(t)^-^(x)dtdx 
Ju Jo ox 

I I E[^X™' n ' x fth(t)<p(x)dtdx 
Ju Jo dx 



I I £[exp(-n 2 
Ju Jo 



b{y)L xn '^ (ds, dy))£]h(t)cp(x)dtdx. 



Hence 



£-X?* = exp(-n 2 f* f b{y)L xn ' x (ds, dy)) (12) 
° x JO JR 

for all n > 1, dt x dfj, X dx—a.e. So we may identify -^X^' x with the process on the right 
hand side of (fT2l) . Then (t,x) i — >• is continuous \x— a.s. 
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Furthermore, since b' m (y) < 0, j/ £ R in (jlip we can argue by weak convergence that the 
right hand side of (|12p is dominated by a constant K > uniformly in n, x, t, fi— a.e. 
Thus 

< -ftT laci — 1 



sup 

0<t<l 



X t ' is continuous 



for all x\,x 2 GU,n> 1 /i— a.e. 

On the other hand we may assume by Corollary [13] that (t, x) \- 
pL— a.e. Hence we have 

? n '* = x + ! b(X"> x )ds + -Bt 
Jo n 

for all n > sc, ^i— a.e. 

So using the a— Holder continuity of Brownian paths, it follows that (for a fixed oj) 



v n,x 



v n,x 
X t 2 



<M\h -t 2 \ + C(u) \ti-t 2 \ 



(13) 



for all < t±, t 2 < 1, n > 1 and all x £W, where a < |, C(a;) = C(oo,a) < oo and M < oo. 

Let V be a compact sub-interval of U. Fix an appropriate w G 0. Then by the Arzela- 
Ascoli theorem there is a subsequence (n/%) such that [x i — >• X. rife ' :r ), > 1 converges in 
C(V; C([0, 1]). Then repeated application of a weak compactness argument it follows that the 
limit, say (t, x) i — > X t belongs to L 2 ([0, 1]; W l,2 (V)) (V the interior of V). Finally, and as in 
the proof of Proposition [551 it follows that X x solves the ODE (fTTJj) for all x in V. ■ 



Remark 29 Using techniques of Malliavin calculus the authors in \21^ prove that, for fixed 
x € M, the sequence {X™' x }^ =1 in the proof of Theorem converges to Xf in L 2 (/j,) as 
n — > oo. 



5 Appendix 

The following result which is due to [3] provides a compactness criterion for subsets of 
L 2 (/j,;M. d ) using Malliavin calculus. See e.g. [27], [20] or [5] for more information about 
Malliavin calculus. 

Theorem 30 Let {(Q,A,P) ; H} be a Gaussian probability space, that is (£1, A, P) is a proba- 
bility space and H a separable closed subspace of Gaussian random variables of L 2 {Tl), which 
generate the a-field A. Denote by D the derivative operator acting on elementary smooth 
random variables in the sense that 

n 

D(/(/n, . . . , h n )) = Y, 9if(hi, . . . , K)hi, hieHJe C^(R n ). 
i=i 

Further let Di 2 be the closure of the family of elementary smooth random variables with 
respect to the norm 

\\ F \\l,2 := II-^IIl 2 ^) + W DF \\L' 2 ((i-H) ■ 
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Assume that C is a self-adjoint compact operator on H with dense image. Then for any c > 
the set 

G = {Ge D 12 : \\G\\ L2{n) + IIC^D G\\ L2(n , H) < c} 
is relatively compact in L?(£l). 

In order to formulate compactness criteria useful for our purposes, we need the following 
technical result which also can be found in [3]. 

Lemma 31 Let v s ,s > be the Haar basis o/L 2 ([0, 1]). For any < a < 1/2 define the 
operator A a on L 2 ([0, 1]) by 

A a v s = 2 ka v s , ifs = 2 k +j 

for k>0,0 < j < 2 k and 

A a l = 1. 

Then for all (3 with a < (3 < (1/2), there exists a constant c\ such that 

.1 ,11,- ,,-,2 \l/2- 



\AxfW < a { 



i2([0 ' 11)+ Wo Jo \t -t>\ ^ dtdt , 



A direct consequence of Theorem [30] and Lemma [31] is now the following compactness 
criterion which is essential for the proof of Lemma [TH 

Corollary 32 Let X n 6 Bi^, n = 1,2..., be a sequence of F\ -measurable random variables 
such that there are constants a > and C > with 

swpE[\\D t X n - D t ,X n \\ 2 ] <C\t-t'\ a 

n 

for < tf < t < 1 and 

SUp SUp E [||A^n|| 2 ] < C. 

n 0<i<l 

where Dt denotes Malliavin differentiation. Then the sequence X n , n = 1,2..., is relatively 
compact in L 2 (Q) (Dt the Malliavin derivative). 
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